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Abstract 

We define and calculate inner products of 2-representations. Along 
the way, we prove that the categorical trace Tr(-) of |GK081 Sec. 3] 
is multiplicative with respect to various notions of categorical tensor 
product, and we identify the center of the category of equivariant ob- 
jects V*^ of |GK08[ Sec.4.2]. We discuss applications, ranging from 
Schur's result about the number of irreducible projective representa- 
tions to a formula for the Hochschild cohomology of a global quotient 
orbifold. 
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1 Introduction and statement of results 

The idea of a representation of a group by functors in a category goes back 
to Grothendieck |Gro57t p. 196], and categorified versions of representation 
theory have since been developed by a number of authors]^ (We recall some 
of the basic definitions in Section |H) The corresponding character theory 
was introduced in jBarOSj and |GK08j . Key ingredient of this categorified 
character theory is the notion of categorical trace: let F be an endofunctor 
of a small category. Then the categorical trace of F is defined as the set of 
natural transformations 

Tr(F) =A/at(id,F). 

fo r instan ce pjOT] , [U705] . |ljM06) . |Ost03) . [FVi94] . |ljW007] . [Dil97] . [5T0T] . 
[BZ07] or [KhoOOj . 
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More generally, if F is a 1-endomorphism in a 2-category, then 

Tr(F) =2Hom(l,F). 

Let ^? be a linear 2-representation of a finite group G. Then its categorical 
character Xg sends g e G to the fc-vector space 

X,{g)=Tr{g{g)). 

The categorical character of g comes equipped with conjugation isomor- 
phisms 

A--X,{g)^X,{h-'gh), 

one for each pair of elements of G (see [GKOSj Prop. 4. 10]). As g and h 
vary, the iph are compatible, endowing Xg with the structure of a categorical 
class function on G. Such categorical class functions were first introduced by 
Luztig |Lus87j . who named them class sheaves. 

For a commuting pair {g,h), the map i{jh is an automorphism of Xg{g). 
Assume that all the Xg(g) are finite dimensional. Then the 2-character Xg 
of g is the function 

Xeia.h) =tr{i)h), 
defined on pairs of commuting elements of G. It satisfies 

Xe{s'^9S,s-^hs) =Xei9,h). 

Such conjugation invariant functions on commuting pairs are called 2-class 
functions. 

Much of our motivation for writing |GK08j came from a character theory 
discovered by Hopkins, Kuhn and Ravenel in the context of stable homo- 
topy theory [HKROOj . Although of entirely different origin, these Hopkins- 
Kuhn-Ravenel characters exhibit strikingly similar features to ours. For in- 
stance, we proved in jGKOSl Cor. 6. 12] that the 2-character of an induced 
2-representation is described by the same formula as the effect of transfer on 
Hopkins-Kuhn-Ravenel characters. 

In this paper we will define inner products of 2-representations and cal- 
culate them in terms of categorical characters and 2-characters. On the level 
of 2-characters we obtain 

(x.Og— E X{9.h)-ag.h) (1) 

II gh=hg 
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(see Corollary I5.18p . This agrees with the formula for the Strickland in- 
ner product of Hopkins-Kuhn-Ravenel characters in [GanOGl Prop. 1.6]. Our 
definition will be the categorical analogue of the inner product 

{V,W)G-=<^.i^k{y ®wf 

on the representation ring R(G) (compare [StrOO] ) . This is closely related to 
the usual inner product, sending (V, W) to 

dimfc (RomG(W,V)) = {V,W*)g. 

The paper is organized as follows: in Section [21 we let g and h be endofunc- 
tors of linear categories V and W, respectively. Under a finiteness condition 
we construct an isomorphism 

/x: Trig) ® Tr(/i) = Trig ^ h) 

(Theorem 12.51) . Here Bi is the tensor product of linear categories defined in 
[GK[ Sec.l]. Similar isomorphisms are found in the abelian case (using the 
Deligne tensor product, |Del90j ) and in the pre-triangulated case (using the 
Bondal-Larsen-Lunts tensor product |BLL04j ). We then discuss examples. 
The map /i exists in the more general context of monoidal 2-categories. For 
some of those, /i is an isomorphism. 

In Section Owe let q be an action of G on a linear category V, and consider 
the category of equivariant objects of g. We introduce the twisted group 
algebra 

R, = ®Tr{g) 

geG 

acting on each object of V^. We contruct an isomorphism of fc-algebras 

Pim(V^) = i?^. (2) 

Here 

Vim = Tr(l) 

is the center (of the category V^). As a corollary, we obtain 
dim(Pim(V^)) = ^ ^ X,ig,h). 
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The category is characterized by a universal property, which makes sense 
in the 2-categorical setup. All our proofs go through in the context of 2- 
categories. 

Given two linear 2-representations V and W of G, we can now define 
their inner product as 

{V,W)g = Vim {V mWf , 

and conclude that, if {V,W)g exists, its /c-dimension is calculated by ([1]). In 
Section [HI we discuss applications of One special case is a Theorem by 
Schur, counting the isomorphism classes of irreducible projective represen- 
tations with a given cocycle c. Another special case is as follows: let X be 
a smooth projective variety over C, acted upon by G. Let g be the result- 
ing 2- representation of G in Varc (see |GK08l 2.4. (c)]). In this context ([2]) 
becomes a result about orbifold Hochschild cohomology, namely 

RW{[X/G]) ^ HH*-™^i"^(^') (X^,det A^^^) . (3) 

Here Xa are the connected components of the fixed point set X^ of g, and 
N3 is the normal bundle of X^ in X; further, 

HH'(y,J-) :=ExtYxY(A,^y,A,^). 

I understand that an additive version of the isomorphism ([3]), with a very 
different proof, was known to Andrei Caldararu. 

The main advantage of our approach is multiplicativity: the right-hand 
side of ([3]) is canoically an algebra, namely the twisted group algegra of the 
2-representation g, and (|3]) is an algebra map. Similar isomorphisms can be 
found in |Cal05] . |DE05j . |GK04j and |Bar03j . and it is a common theme 
that the proof of multiplicativity tends to be quite difficult. We note that 
our proof of that fact is very simple (see page . 

Some interesting questions about multiplicativity remain, for instance, 
whether it is possible to give an explicit formula for the product on the 
right-hand side, involving the double fixed point sets X^ n X'^. 

Further applications of our results turn up in |GKj . where we define sym- 
metric and exterior powers of categories and calculate their effects on char- 
acters of 2-representations. 
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1.1 String diagram notation 

We will use string diagram notation for 2-morphisms. For a nice, short 
introduction to string diagram notation, we refer the reader to |CW10] . for 
a more comprehensive account, we refer the reader to |Bar08] . What follows 
is a mini summary of what we will use. Our conventions follow those of 
Caldararu and Willerton. Bartlett's conventions are slightly different^] 
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Y W\ X 
f 



Traditional versus string diagram notation for a 2-morphism 
(p- f ^ 9 between 1-morphisms f,g:X-^ Y. 

String diagrams are Poincare dual to the classical notation. They are read 
from the right to the left (direction of 1-morphisms) and from the bottom 
to the top (direction of 2-morphisms). The objects X and Y are sometimes 
omitted from the picture, when they are clear from the context. 
Identity morphisms are denoted by omission: 

^In his diagrams 2-niorphisnis flow downwards, while ours flow upwards. 
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/ 



X 



A 2-morphism 
0: idx ^ / 




A 2-morphism 
0: / ^ idx 



Composition is denoted by juxtaposition: 



/ 



The identity 
2-morphism id/ 




Vertical composi- 
tion tjj Ol(f) 




Two ways of drawing the horizontal compo- 
sition of 2-morphisms, -00: hf =^ kg. The 
fact that both diagrams describe the same 
2-morphisms is known as the "butterfly 
identity" (ipg) (hep) = {kef)) (0>/) =: 



Definition 1.1. An adjunction in a 2-category C consists of the following 
data: two objects, X and Y, 1-morphisms f: X ->-Y and g:Y ->■ X and 2- 
morphisms 
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1 j 


f 




V 








rj: idx => gf, called the unit 
and denoted by either of 
these two pictures 



g 




and e: fg ^ idy, called the 
counit and denoted by ei- 
ther of these two pictures. 



These are required to satisfy 




g 



g 



idg, in other 



{idge)(r)idg) 
words, the 2-morphisms in 
these two string diagrams 
are required to be equal. 




T 



and (eid/)(id/r^) = id/, 
i.e., the 2-morphisms in 
these two string diagrams 
are required to be equal. 



We say "/ is left adjoint to g" . 

For more on adjunctions in 2-categories, see for instance |CW10t p. 13 

ff.l. 



2 Multiplicativity of the categorical trace 

Let k be an algebraically closed field. By a linear category, we will always 
mean an additive A;-linear category, and by a linear functor we mean one 
that preserves this structure. In [GKj . we consider three different notions of 
tensor product of categories: 

1. if V and W are linear categories, we consider the uncompleted tensor 
product VmW, following |KV94j and [BKnij . 
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2. ii A and B are abelian linear categories, we consider the completed 
version A^B, following Deligne |Del90] . 

3. if C and V are perfect dg-categories over k, we consider the completed 
tensor product CMV, following |BLL04] . 

The goal of this section is to find isomorphisms 

/i: Tr{g) ® Tr{h) = Tr{g mh) = Tr{gmh), 

where g and h are endofunctors of the relevant categories. We can always 
define a map n, but in order to show that it is an isomorphism, we need a 
finiteness condition. 

2.1 The multiplicativity theorem 

The first two constructions above are characterized by similar universal prop- 
erties. For instance, the data of (1) consist of a linear category VhW together 
with a fc-bilinear functor 

which is universal in the following sense: let -2^ be a third linear category. 
Then precomposition with m defines an equivalence of categories 

JP"uniin(V H W, — > ^unbii(V xW,Z). 

Here ^unun and ^uubu stand for the categories of A;-linear and A;-bilinear 
functors. 

The categorical tensor products in (1) and (3) always exist. In the abelian 
case, (2), Deligne has proved the existence of A^B under the following finite- 
ness condition: 

Definition 2.1 (compare |Del90l (2.12.1)]). We say that a linear abelian 
category A satisfies Deligne's finiteness condition, if all objects of A have 
finite length and all Hom-sets are finite dimensional fc-vector spaces. 

Kapranov and Voevodsky argued that m endows the 2-category Catk of 
fc-linear categories with the structure of a monoidal 2-category. The reader 
interested in the full twelve pages of axioms is referred to |KV94j l3| The 
following proposition, which follows immediately from the universal propetry, 
summarizes what we will need. 

■^The definition was later revised by Crans |Cra98) . see also |BL03] . 
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Proposition 2.2. (1) LetV, V, W andW be linear categories. Then there 
exist a bilinear functor 

(- H -) : J"uniin(V, V) X JTuniinCW, W) J^un^^iV H W, V H W) 

and a natural isomorphism 

t: Kl o -) =^ (- H -) o m. 

The pair ((- H -),/-) is unique up to unique natural isomorphism (preserving 
i). We have canonical functor isomorphisms 

i^9j,h,k- (gf) K (hk) {gMh){f^k), 

whenever the compositions on the left-hand side exist. They are natural in 
g, f , h, and k. Further, there is a functor isomorphism 

K-i : idy IS idyv idyiaW- 

These k-? are compatible with l in an obvious sense and make the usual asso- 
ciativity pentagon and unit diagrams commute. 

(2) Let (VSilV,@) be a second pair satisfying the universal property of 
(Vki>V,ki). Then there exist an equivalence 

and a natural isomorphism 

le'-^ ^ E o m. 

The pair {E, le), is unique up to unique natural isomorphism (preserving le ). 

A similar statement holds for the abelian case and right-exact linear func- 
tors. 

Definition 2.3. Let V and W be linear categories, let g be an endofunctor 
of V, and let h be an endofunctor of W. Then the proposition gives a bilinear 
map 

ju: Tr{g) x Tr(/i) — > A/'at(idvKlidvv;,g' H h) — > Tr(^ Kl h) 
(0,^) ^ {(t)mtl))o Ki^. 
We let jx be the resulting linear map 

li: Tr{g) (2> Tr{h) — > Tr{g H h). 
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Note that /i is natural in g and h. The following is a reformulation of 
|Del90l Prop.5.13 (i),(v)]: 



Proposition 2.4. Let A and B he k-linear abelian categories satisfying Deligne 's 
finiteness condition. Then the completed tensor product A^B exists. Further, 
there is a fully faithful "completion" functor 

AmB^ AmB, 

obtained by applying the universal property of m to ®. 

In particular, the essential image ofS-.AxB-^ AmB is contained in A^B, 
and the two functors H and a are identified when viewed as functors onto 
their essential images. 

By construction, there is a similar fully faithful "completion functor" for 
the Bondal-Larsen-Lunts tensor product of pre-triangulated categories. 

Theorem 2.5. (1) Let V and W be linear categories such that all Hom-sets 
are finite dimensional k-vector spaces. Let g be a linear endofunctor of V, 
and let h be a linear endofunctor ofW. Assume that either Tr{g) or Tr{h) 
is finite dimensional. Then the map /i of Definition \2.3\ is an isomorphism. 

(2) Let A and B be linear abelian categories satisfying Deligne's finiteness 
condition. Let g be a right-exact endofunctor of A, and let h be a right-exact 
endofunctor ofB. Assume that either Tr(g) orTr{h) is finite dimensional. 
Then we have an isomorphism 

Tr{g H h) — > Tr(gmh), 

which is natural in g and h. 

Proof : Part (2): let A, B, g and h be as in (2). Then we have 

Tr{gmh) = A/at(®,® o (g x h)) 
= 7Vat(Ki, m o (^g X h)) 
= Tr(gmh). 

Here the first and third equality come from the universal properties of S and 
H. The key step is the second equality, which follows from Proposition 12.41 
Part (1): Let {X,Y) be an object of V x VV. By construction of V H W, 
we have 

HomvHw(-^ ^ y, m hY) = Romy{X, gX) ®k Hom>v(F, hY) 
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(see \GK\ Sec.l]). Under this identification, 

\ i I (x,y) i 

To define an inverse of /i, let 

7]-. m ^ m o (^g ^ h) 

be a natural transformation. Fix an object Y of W, and choose a basis 
= . . . of Hom>v(y, hY). For each X € obV, there is a unique 
way to express r]{x,Y) form 

1=1 

As X varies, naturality of t] implies that, for each i, the maps (pf form a 
natural transformation 0j from idv to (7. So, 

r]Y ■=Y.^i® 

i=l 

is a well-defined element of 

Trv(^) ®Homw(y,/iF). 

Without loss of generality, we assume Tr{g) to be finite dimensional. Then 
we may pick a /c-basis of Try{g) and repeat our argument. This yields an 
element 

K^) € Trv((7) % Try,{h). 

By construction, z/ is a right-inverse to To see that v is also a left-inverse, 
we pick (j) e Tr(5') and '0 ^ Tr(^) and calculate v{iJL{(t) ® ip))- Fix F, and 
write iJjy linear combination of the basis -B^, 

i 

In the construction of this implies 0^ = ai(px, hence (pi = ai<p and 

i 

i 

= ® X! 
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Hence 

as claimed, and we have proved that is a left-inverse of ^. □ 



2.2 Examples 

2.2.1 2- Vector spaces 

Let V be a semisimple linear category with finitely many isomorphism classes 
of simple objects. Let m be the number of isomorphism classes of simple 
objects in V. Then there is an equivalence of categories 

V ^ Vect^ . 

This is the reason why categories like V are called 2-vector spaces |K V94] . If V 
and W are 2-vector spaces, Osorno has independently found an isomorphism 

Tr{gmh) = Tr{g) ®Tr{h) 

|OsolO] . We give a brief summary of her argument: a linear functor between 
two 2-vector spaces can be represented by a matrix with entries in Vect^. Its 
categorical trace is the direct sum of the diagonal entries. Given equivalences 
V ~ Vect™ and W - Vect^, one obtains an equivalence 

VmW- Vect^" . 

Let g he a linear endofunctor of V, and let h he a linear endofunctor of W. 
As one would expect, the matrix for gmh is the "Kronecker product" of the 
matrices for g and for h. The classical computation for 

tr{g) ■ tr{h) = tr{g ® h) 

goes through and shows that Tr{g m h) is isomorphic to Tr{g) ® Tr(h). 

2.2.2 Algebras 

Let A he an associative and unitary finite dimensional /c-algebra, and let 
A-mod^ be the category of finitely presented right 74-modules|ll Let g he 

'^This is the category denoted (^)coh in |Del90] . 
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a right-exact endofunctor of A-mod^. Recall (e.g. from |Del90] ) that g is 
uniquely determined by the A-A-bimodule M := g{A). Here the left module 
structure on M comes from the left action of A on itself: 

A End(A) End(M). 

The categorical trace of g is isomorphic to the center of M: 

Tr{g) = HomA-A(^,^?(^)) 
= CenterA(M). 

Here HomA-A stands for morphisms of v4-A-bimodules, and the second iso- 
morphism identifies / € HomA-A(^,^) with the element /(I) in M. 

Let S be a second finite dimensional /c-algebra. Let h he a. right-exact 
linear endofunctor of B-mod^ Recall from |Del90t Prop. 5. 3] that we have an 
equivalence of abelian categories 

(A-mod^ ) ® (B-mod^) =^ (A B)-mod^ (4) 

where ® is the Deligne tensor product. 

Let M := g{A) and N := h{B). Under the equivalence (jl]), the isomor- 
phism 

/i: Tr{g) ® Tr{h) — ^ Tr{gm) 
of Theorem 12.51 is identified with the canonical map 

fi: Center a(M) CenterB(A^) — > CenterA0B(M ® N). 

The fact that /U is an isomorphism is the degree zero part of the Kiinneth 
theorem for Hochschild cohomology (c.f. |ML95i X.7.4]). 

There is, of course, overlap between this example and the previous one: 
if A is semisimple, then A-mod^ is a 2-vector space. So, 

A-mod^ ^ Vectk^, 

where r is the number of isomorphism classes of simple A-modules. 

Example 2.6. Take = id to be the identity functor. We have seen two 
different ways to calculate the categorical trace of id: on one hand, 

Tr(id) ^ Center (A). 
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On the other hand, we may calculate Tr(id) as the direct sum of the diagonal 
entries of the r x r identity 2-matrix, 

Tr(id) ^ fc®^ 

So, we have recovered the well known fact that 

dim (Center (A)) = r. 

More generally, let M be an A-A-bimodule. Then the same argument 
yields 

dim(CenterA(M)) = ^mj, 

where rrii is the number of times that the simple object Wi occurs as summand 
inside Wi ® M. Here the sum runs over all isomorphism classes of simple 
objects of A-mod^ 

2.2.3 Coherent sheaves 

Let X be a smooth projective variety over k, and let Coh.(X) be the category 
of coherent sheaves on X. Let 'D^^^(X) be the derived category of bounded 
below complexes in Coh(X). This is a triangulated category, and it possesses 
an enhancement I{X) such that, for any two varieties X and Y as above, 
the completed tensor product 

I{X)mI{Y) 

is quasi-equivalent to I(X x Y) (see [BLL041 Th. 5.5] compare also |GK[ 
(1.7.4)(c)]). Let g be an automorphism of X, and let h be an automorphism 
of Y. Then we have the direct image functors and acting on, respec- 
tively, I{X) andX(y). The above equivalence identifies g*^h^ with (gxh)^. 
Applying Theorem I2.5[ we conclude 

Tr'{g,) ® Tr'{K) = Tr' {{g x h) . 

These categorical traces in I{X) are hard to get a handle on. Instead, one 
often works with bicategories, compare to Section 13. 4[ 
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3 Traces in monoidal 2-categories 



By a monoidal 2-category we will mean a A;-linear semistrict monoidal 2- 
category in the sense of |BN96] . In this setup, the axioms still imply the 
existence of gMh, unique up to a specified isomorphism and the existence of 
a map 

fi: Tr(g) (8) Tr{h) Tr{g m h). 

In general, there is no reason for /i to be an isomorphism, but in the following 
we will see some examples where it is. To be precise, the lax 2-categories 
in the following sections would need to be strictified in an appropriate sense 
(see |KV94t 2.12, 4.3]) in order for the formalism of |BN96j to apply. Rather 
than working out the precise formalism in the lax case, we choose an ad hoc 
approach to the individual examples. 

3.1 Bimodules, strict version 

We recall from |GK08t 2.2(c)] the k-linear 2-category Brnvk. The objects of 
B'mik are associative and unitary A;-algebras. Given two such algebras, A and 
-B, the category of 1-morphisms from Aio B 

lHomBim,(A5) = Simk(A,5) 

is the category of A-S-bimodules (where the left and right actions of k are 
required to agree). Horizontal composition of 1-morphisms into and out of 
A is given by the tensor product over A. Again, the degree zero part of the 
Kiinneth theorem for Hochschild cohomology (c.f. [ML95t X.7.4]) gives the 
isomorphism 

fi:Tr{M)®Tr{N) = CenterA(M) ® Center a (A^) 
= CenterA(M®A) 
= Tr{M®N). 

This is closely related to Section I2.2.2t Let A and B be associative and 
unitary finite dimensional /^-algebras. Let Biml^(A, B) be the full subcategory 
of Bim]^{A, B) whose objects are bimodules that are finitely presented as right 
i?-modules. Then there is an equivalence of categories 

JRin,.e. (A-modf,B-mod^) ^ Biml{A,B) (5) 

F ^ F(A) 
(-) ®A M < — M. 
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Here JRiiir.e. stands for the category of A;-lmear right-exact functors and nat- 
ural transformations between them. Under this equivalence, composition of 
functors corresponds to composition of 1-morphisms in Bimk- 

3.2 Bimodules, derived version 

The triangulated A;-linear 2-category VBim.^ of [GK081 2.4(b), 3.5] has the 
same objects as B'vcsik. The category 

lHomi,Him,(A,B) 

is the derived category of complexes of A-S-bimodules bounded above. Hor- 
izontal composition is as above, but using the derived tensor product. Let 
A be a finite dimensional, associative and unitary A;-algebra, viewed as an 
object of VBrnvk. Let K* be a 1-endomorphism of A. Then the categorical 
trace of K* is the hypercohomology of K*, 

Tt'{K') = Hom^.gi^(^_^)(A,ir-) 
= B.'{A;K'). 

In the special case were K* is a single A-A-bimodule M situated in degree 
zero, 

Tr-(M) = Ext',^MA,M) 
= HH*(A,M) 

is the Hochschild cohomology of M. Let B be another finite dimensional, 
associative and unitary A;-algebra, and let L* be a complex of 5-5-bimodules, 
bounded above. Then 

/i: Tr* (K*) ® Tr' (L*) Tr {K' ® L*) 

is the Kiinneth map. In the special case where both K* and L* are sin- 
gle bimodules situated in degree zero, the Kiinneth theorem for Hochschild 
cohomology (c.f. |ML95l X.7.4]) implies that /i is an isomorphism. 

3.3 Constructible sheaves 

The 2-category M^nc of |GK08[ 2.4. (d)] has as objects real analytic mani- 
folds. For any two such manifolds X and Y, the category of 1-morphisms 
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between them is defined as 

the bounded derived category of (M-)constructible sheaves of C- vector spaces 
on Horizontal composition of 

/C e lHom(X, Y) and C € lHom(y, Z) 

is given by the derived convolution 

CoJC = i?7ri3, {ir^^JC ®^ n^^C) . 

Here the the projections from X xY x Z to the according products 

with two factors, the tensor product is taken over the constant sheaf C, and 
the are the respective inverse image sheaf functors. 

Every object ("kernel") K, € lHom(X, F) defines a functor 

'■ ^constr ( ) ^ -^lonstr ( ^ ) 

Let g: X ^ X he analytic, and let 

be the inclusion of the graph Tg. Consider the kernel 

the constant sheaf supported on Tg, viewed as a complex situated in degree 
0. This is a lift of to IR^nc- In other words, we have Fjc^ = g*. We hav^ 

a 

where the sum runs over the connected components of the fixed point set. Let 
y be a second object of M^nc, and consider an analytic automorphism h of 
Y. Then the connected component X£ x Y^ of {X x Y)^3,h) has codimension 

codim(X9) + codim(y^^) (6) 



^See |KS94[ Section 8.4], for background on constructible sheaves. 

^This is Proposition 5.5 in jGK08| . Note the sign mistake there: in the proof of 



Proposition 5.5, C-^g [codim(X^)] should be ©C^^-s [- codim(X^)]. 
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in X X y. The map 

is the Kiinneth isomorphism. Here the notation is short-hand for the direct 
sum over the connected components of x Y'^, with the grading in each 
summand shifted by ([6]). 

3.4 Coherent sheaves 

Another key example is the 2-category Varclzl Its objects are smooth pro- 
jective varieties over C, and for two such varieties X and Y, the category of 
1-morphisms from X to y is 

mom{X,Y)=V:^^{XxY), 

the derived category of coherent sheaves on X x y . The formahsm is identical 
to that of the previous section, but now the derived tensor product ®^ is taken 
over the structure sheaf, and the inverse image functors n^j^ are replaced by 
the pull-back functors vr^. For an automorphism g of X, the kernel 

lifts the auto-equivalence of 'D^^^(X) in the sense explained in the previous 
section. Its trace is identified by the following theorem: 

Theorem 3.1. Let be the normal bundle of the inclusion 

u:X^^X. 

Then we have an isomorphism 

Tr*(^) ^ 0HH'-=°^''^(^-) (Xs,det(X5)) , 

a 

where the direct sum is over the connected components of the fixed point set 
X9. 

■^This is |GK08[ 2.4.Exa(c)]. For a detailed account, see |CW10| or |Huy06| . 
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Again, 

is the Kiinneth isomorphism. Again, the notation is short-hand for the direct 
sum over the connected components of X^ x Y'^, with the grading in each 
summand shifted by IQ. 

Proof of Theorem I3.lt We have a commuting diagram of closed immer- 
sions 

X9 >X (7) 

7 

X > XxX. 

A 

Here A and 6 denote the inclusions of the respective diagonals, and 7 is the 
inclusion of the graph Tg. All squares in ([7]) are cartesian. We have 

Tr'ig) = Ext;,,x(A*^x,7.^x) 

Write B for the composite of natural transformations 

6: L7*A* =^ LYA*u*Lu* = LYi*S*Lu* =^ u^L5*5^Lu*, 

where the first map is given by the unit of the adjunction Lu* h m*, and 
the second map is given by the base-change map of the upper right (triangle 
shaped) square in ([7]). 




X9xX9 




The natural transforma- 
tion O in string diagram 
notation. The squares 
labeled cr and r both 
denote the identity nat- 
ural transformation of 
(7m)* = {i6)^ = (Au)^. 
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We claim that G is an isomorphism. The claim implies the theorem, by 
the following calculation: 

Here u- is the right-adjoint of u. Explicitly, u' is given by 



u 



'^x = ©det(iV^)[-codim(X^)] 



(see e.g. |Cal05j .) 

The proof that is an isomorphism is an adaptation of the discussion in 
|CKS03[ Appendix A]. As the question is local, it will suffice to prove it over 
an open cover of X x X. For {x,y) ^ X x X \ A(Xs), there exists an open 
neighourhood U of {x,y) with f/n A = or f/nTg = 0. Since = spec({0}), 
the claim is trivially true over such a U. Let now x e X^. Writing 

Ta(x) := im(rA), Trg=im{T^), and Ta(X!>) ■= iMTis), 

we have 

Ta(X) ^ TxaxXs 

(inside Txxx)- By Lemma lA.Sj we have 



Ta(xs) = Ta(x) ^ 



T, 



Ta(X) + TxaxXa- 



We now apply Lemma|X3]with Z = XxX and W = A{X)u{X9 x X9). Over 
a neighbourhood U of x inside X x X this yields a refinement of ([7]) looking 
as follows: 



X9 



-^X 




X 



A' 



X9xX9 



3 



^^XxX 



(all objects intersected with U). Here F is a smooth subvariety of X x X, 
the maps j, k, and A' are closed immersions, and 



Ty,x - Ta{X),x + TxsxXs,x- 
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The left solid square (with arrows S, j u and A') is still cartesian. Further, 
defines an isomorphism 

Tx9,x = Tt,x n Ty^^x 

(intersection inside Txxx,x)- Applying Lemma fA.Gl we conclude that (pos- 
sibly after passing to a smaller neighbourhood of x) the right solid square 
(with arrows u, 7,, j5 and k) is also cartesian. Moreover, both intersections 

X3 = A{X) Hy {X3 X X3) and X^ = Ynx.xTg 

are clean and "of the expected dimension" , meaning that 

dim(X^^) + dim(y) = dim(X) + dim(Xf x X^) 

and similarly for Y c\Tg. Using |Ser77i p.V 20, Cor. to Theorem 4], we con- 
clude that both these squares are tor-indepent squares in the sense of |Lip09 



Def. (3.10.2)]. By |Lip09 Thm. (3.10.3)], the base change tranformations 
and 



are isomorphisms. Hence, over U we have a natural isomorphism 
e': LY^* =^ u.Ld'LfA', =^ usL5*6.Lu*. 
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The natural trans- 
formation 0' in 
string diagram 
notation. The 
squares labeled a 
and r' denote the 
identity natural 
transformations of 
= (kjS)^ and 
of (A'u). = 
The part differing 
from the diagram for 
9 is red. 



To see that G' = G|;7, we move r' downward until it is below a, then 
straighten the red zig-zag line connecting a and t' into a straight line labeled 
j^, and finally note that 

= id(i5)^ = r. 

□ 



4 Tensor products of 2-representations 

Let G be a finite group. Recall, e.g. from |GK08t Def.4.1.], that a 2- 
representation of G on a fc-linear category V consists of the following data: 

• for each g ^ G an endofunctor g(g) of V, 

• for any g,h e G, a natural isomorphism 

(pg^- Q{g)Q{h) Q{gh), 

and 
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a natural isomorphism 



idv 



The (f)7 are required to make associativity pentagons and unit diagrams com- 
mute. In particular, for h and A; in G we have an unambiguous double 
composition isomorphism 

03,h,fc: g{9)Q{h)g{k) =^ g{ghk). 
Following Bartletfl we use the string diagram notation and write 



gh 




9 h 

for (f)g^h, 



9 




gh 



for 



o 



for (/)!, 



1 



o 



ghk 




9 h k 



9 h k 




ghk 



for 0^1, for (t)g^h,k. for 



We recall further that Q{g ^) is a weak inverse, and hence a two-sided adjoint, 
of Q{g). For the adjunction g(g'^) h g{g), we have 



9 9 



-1 




9 9 



-1 




o 



The unit is given by 
((/)g^g-i(f)i)'^ and denoted by 
either of these two diagrams. 




and the counit is given by 
0g-i,g0i and denoted by ei- 
ther of these two diagrams. 



The axioms for the (pg^h imply that these adjunctions compose as one would 
hope for, i.e., the adjunction for g composed with that for s gives the ad- 
junction for sg. We refer the reader to |Bar08] . in particular Lemma 6 (iv). 



® See [EarOSl p. 13] for a translation of the axioms into string diagram moves. Note 
that our string diagrams flow upwards, while Bartlett's flow downwards. 
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for a detailed account of these facts and their expression in terms of string 
diagram moves. 

The categorical character of g consists of the data 

X,{g) = TT{e{g)), geG 

and for each pair {s,g) the isomorphism 

ips- X^{g) — > Xg{sgs-'^), 

sending ^ e Tr(g{g)) to 



sgs 




i/j,U)^MQ(sgs-')) 

and satisfying ipi = id and ipsi^t = i^st (see |GK08t Prop. 4. 10] or |Bar08t 
Prop. 16] for details). 

Definition 4.1. Let ^ be a 2- representation of G on a linear category V, 
and let tt be a 2-represenation of if on a linear category W. We define 
the 2-representation gm n on V hj applying - la - to all the data of 
2-representation. 

Corollary 4.2. In the situation of Theorem \2.5\ we have isomorphisms 

fi: Xg{g) (g) X^{h) — ^ Xgs^{g, h) 

identifying ips ® 4't with ip(ft)' ^''^ orther words, Xg ® Xt^ and X^htt are 
isomorphic as representations of the inertia groupoid A(G x H). 

Proof : This follows from Theorem 12.51 and inspection of the definition of 
i/js in the proof of |GK08[ Prop.4.10.]. □ 

A similar statement holds for ® in the abelian case and, more generally, 
in any monoidal 2-category where /i is an isomorphism. 
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5 Categories of equivariant objects 



Let g: G ^ GL{V) be a complex representation of a finite group. We write 
V'-' for the maximal G-invariant summand of V. The dimension of is 



dim(y^) = {V,C)g 

= T^^Zx.ig), (8) 

where Xq is the character of g. 

This section studies categorical analogues of V^. These are the category 
of equivariant objects and its generalizations. 

5.1 Background and Definitions 

The notion of category of equivariant objects already plays a role in |Gro57] . 
see page 196 of [loc.cit]. 

Definition 5.1. Let V be a linear category, acted upon from the left by a 
finite group G. An equivariant object of V consists of an object x € ob(V) 
and a system of isomorphisms 

such that for any g,h e G the diagram 

X — y gx (9) 



(9h)x g{hx) 

is commutative. As a consequence, we obtain the unit condition 

ei = (pl^^ : X Ix. 

A map of equivariant objects 

/: (x,e) ^ {y,S) 
is a morphism / € Hom(x,?/) satisfing e G 

9if)°^g = Sgof. 

The category of equivariant objects and their maps is denoted V^. 
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Let X be a G-space. Then the categories of equivariant fc-vector bundles 
over X, equivariant sheaves over X, and equivariant spaces over X have 
interpretations as categories of equivariant objects. Below, we will discuss 
some of these examples in detail. Maps of 2-representations form another 
example: 

Definition 5.2. Let C be a 2-category, and let vr and g be 2-representations 
of G on objects W and V of C. Then GxG acts on the category lHom(iy, V) 
by 

F^g{g)F7r{s-'). 

The coherence isomorphisms of this action are inherited from those of n and 
g. 

View G as a subgroup of G x G via the diagonal inclusion. We write 

momciW^V) := mom(W,V)^, 

for the category of equivariant l-homohorphisms and G-invariant 2-homomorphisms 
between them; and 

lHomg'^(iy, V) := lHom(iy, V)^""^ 

for the category of trivialized G-equivariant 1-morphisms and trivialization- 
preserving G-invariant 2-homomorphisms. Explicitly, an object of lHomG(W^, V) 
consists of a 1-morphism f:W-^V together with a compatible family of 2- 
isomorphisms 

%--F^ g{g)F7T{g). 

An alternative point of view is to consider the flip 2- isomorphisms Tg given 
by the string diagrams 



F ^(g) 
Qig) F 



Definition of Tg Notation for Tg Notation for r~ 
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and satisfying 

(horizontal composition but vertical inverse) and 

Tgh ° {<Pg,hF) = {F(l)g^h) ° {Tgh) o {gTh) 



(see |Bar08t (5)]). The data (F, {r^}) are eqivalent to those of (F, {r^g}). 
An object of IHomQ^^ can then be thought of as a G-equivariant 1-morphism 
(F, {jg}) from ]/ to ly together with a family of (left) trivilization 2-isomorphisms 



eg-.F 



satisfying 



■ q{9)F, 

and compatible with {r^} in the following sense: 



9 F 



Notation for e„ 



gs F 




gs 1 


7 






1 





These are equal to each other. 



Equivalently, one may work with the right trivialization isomorphisms 

with symmetric notation and compatibility requirements to those of eg (here 
'i](g,i) is replaced by In the special case where F - idw, we say that 

the G-action on W is trivialized (by {cg}). 

Example 5.3. Let F:V-^W and H:W^Zhe equivariant 1-morphisms, 
write {Tg} and {cg} for the respective families of twist maps. Then the com- 
position HF, together with the twist maps (HTg) o (agF), is again an equiv- 
ariant 1-morphism. The horizontal composition of G-invariant 2-morphisms 
remains G-invariant. 

If H is trivialized by {e^} then HF inherits the trivialization maps egF. 
If F is trivialized with right trivialization maps {6^} then HF inherits a 
trivialization with right trivialization maps {H6^}. If both H and F are 
trivialized then the inherited trivilizations of HF might not agree. 
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Example 5.4. The identity 1-automorphism of V is equivariant, with the r]g 
given by the units of the adjunctions g"^ h g. The fact that these r]g compose 
in the expected way is @. 

If there exists a family {eg : idy =^ Q{g)} satisfying (j9]) then rjg is identified 
with the horizontal composition 

(10) 



Vg 



It follows that {e^} is automatically compatible with {r^} So, g is trivialized 
by {e^}. Further, ef = €g. 



In this situation, we have fully faithful embeddings 



and 



lEnd(V) - 

F H 

IHomc {V, W) 
H 



lEndG(V) 
{FA^9Fe,-^}) ■ 



{H,{Heg}) 



(11) 



(12) 



for any other object W with G-action. 

We are now ready to formulate the universal property characterizing V^. 

Proposition 5.5. There is a G -action on V^, which is canonically trivialized 
by the structure maps {eg}. The forgetful functor 

is G- equivariant. Assume we are given another category W with a G-action. 
Then composition with U defines an equivalence of categories 

J=hnG{W,V^) — > JRing™(>V,V). 

Here the trivialization ofUF is inherited from the trivialization {eg} o/idyo 
(see Example 15. 3\) . In pictures: 



9 F 



9U F' 



U F' 



F g 




9 F 



U F' g 




g UF 




u F'g 



U F' 



These two diagrams These two diagrams 
agree. agree. 



These two dia- 
grams agree. 
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Proof : On objects of V^, the G-action is defined by 

S- {x, Cg} I > {sX, Stg-1 gg"^ . 

All the other data of G-action are inherited from the action on V. Note that 
we are forced to define egS in this manner in order for eg to be a natural 
transformation from id to g in V^: 

{egs) o eg = {geg) o eg 

is equivalent to 

egS = egge~g^ = seg-igg. (13) 

By construction, the family {eg} satisfies the coherence conditions ([9]). One 
checks that the functor of the proposition is a well-defined equivalence of 
categories. □ 

The universal property in Proposition 15.51 should be compared that in 
[GKOSj Prop. 4.4]. Although the latter looks less general, it is equivalent 
to the one here: given a trivialized functor F: W V, we can apply |GK08[ 
Prop. 4.4] to the essential image of F and obtain the result of Proposition ESI 
This argument does, however, not go through for representations in general 
2-categories, where we will work with the universal property formulated here. 

Definition 5.6. Let C be a 2-category, and let g he a 2-representation of G 
on V €oh{C). We will write 

whenever is an object of C and U is an equivariant 1-morphism from V-^ 
to V such that {V^,U) satisfies the universal property of Proposition 15.51 

If it exists, the object is well defined up to trivialization preserving 
equivariant 1-equivalence, which in turn is unique up to canonical, trivializa- 
tion preserving, G-invariant 2-morphism. From now on, we fix [/ : — > V 
as in Definition 15.61 We write {vg} for the (left) trivialization maps of the 
tivialization that U inherits from idyc, i.e., Vg is the 2morphism Ueg pre- 
composed with the flip map gU ^ Ug. 

We will often supress the representation g from the notation and write g 
instead of g(g). 
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Proposition 5.7. The l-morphism U possesses a left-adjoint 

A'6lHom(y,y^) 

satisfying 

UA' = A:=^g. 
Proof : The structure isomorphisms 

make A into a trivialized equivariant l-morphism. Write <^s,a'- A ^ sA for 
the triviahzation 2-morphisms. Applying the universal property of V^, we 
obtain a G-equivariant l-morphism 

A': V 

with UA' = A. Let i be the composite 

idy ^ 1 ^ A 
where the second map is the inclusion of the 1st summand. let 

a:AU^U 

be the 2-morphism 
By on]), we have 

a':>{(j)^jsJJ) =Vsoa. 
in other words, a is a triviahzation preserving (equivariant) 2-morphism 

iAU,{Vs,AU})^iU,{vs}). 

The universal property of yields a 2-morphism 

a': A'U =^ 1 

with Ua' = a. We need to show that i and a' form the unit and counit of an 
adjunction A' — i U . The identity 

iUa') o (lU) = idu 
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is immediate from the definitions and from ei = (p^^. By the universal prop- 
erty, it sufficies to check the second condition after horizontal composition 
with U. So, we are left to show 



(aA) o (Al) = idA ■ 

Restricted to the gth summand, this composite is the left-most in the follow- 
ing sequence of string diagrams: 



A' 


U 

■J 


9 






A 



U 



A' 




9 



Here tg denotes the inclusion of the gth summand. The equality of the first 
three diagrams completes the proof. Their equality to the fourth will be used 
below. □ 



5.2 The twisted group algebra 

Let G act on a linear category V, and let be the category of equivariant 
objects. We will think of this category as resembling the category of repre- 
sentations of G "in a twisted sense". Representations of G are the same as 
modules over the group algebra and it is natural to ask whether there 

is an analog of k[G] for this situation - an associative algebra acting on each 
equivariant object. The answer is: yes, and very simple. 

Let ^ be a representation of G on an object V of a linear 2-category, and 
let A be as in Proposition 15. 71 Then, by general nonsense about adjunctions, 
A = UA' is a monoid with multiplication 

aA': A^=>A 

and unit l. Let F be a 1-endomorphism of V^. Then M := UFA' is a bimod- 
ule over A with the left- and right module structure given by , respecitively, 
aFA' and UFa'A'. 
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Definition 5.8. The twisted group algebra of g is the space 



R, ■.= Tr{A) = ^Tr{g), 
together with the /c-algebra structure induced by the monoid structure of A. 



U A 
'A' U 




c 



The product of el- 
ements ^ and C of 
Tr{A) 



If F is a 1-endomorphism of , and M = UFA' then Tr(M) is a bimodule 
over Rg. 

Lemma 5.9. Let ^ be in the summand Tr{g) of Rg, and let fi e Tr(M). 

Then their products are expressed by the following string diagrams: 



UFA' 




Left multiplication 



UFA' 




Right multiplication 



Proof : The diagram for the left multiplication is just the definition of 
a. The diagram for the right multiplication follows from the equality of the 
third and the fourth diagram in the proof of Proposition 15.71 □ 
If F is of the form H for an equivariant 1-endomorphism (iJ, {r^}) of then 
M = HA, and 

Tr{HA) =^Tr{Hg). 

Proposition 5.10. The elements /i e Tr{Hs) and ^ e Tr(g) multiply as 
follows: 
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In particular, multiplication in Rq is horizontal composition followed by (pg^h 
Tr{g{g))®Tr{g{h)) Tr{g{gh)) 

Lemma 5.11. There is an isomorphism of k-algebras 

j:R,^2End{U), 

where the multiplication on the target is vertical composition. For any 1- 
endomorphism F ofV^ there is an isomorphism of Rg-himodules 

jp- 2Hom(idy, UFA') ^ 2Hom([/, UF). 

Proof : This is a consequence of the adjunction A' h U. The isomorphism 
j and its inverse are defined as 

and similarly for jp. More precisely, jp is the second isomorphism on page 
14 of ICWlOj with ^ ^ A', ^ = U,Q = id, and ^ = UF. □ 

In the situation where G acts on a linear category V, let {V,{eg}) be an 
equivariant object. Then we can compose j with the map 

2End(f/) Endv(F) 

to obtain the promised action of R^ on V. Explicitly, ^ = {^g)g^Q acts on V 
by the endomorphism 

9 

Example 5.12. Let V = Vect^, and let the G-action be defined by means of 
a 2-cocycle c € Z'^(G,k*). So, we have the central extension 

p:G^G 

with kernel k* and a bunch of 1-dimensional spaces 

Lg=p'\g)^0, 
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as in |GK08j . Then Tr{g) = Lg, and the algebra Rg is the direct sum of all the 
Lg. This is the standard concept of the twisted group algebra associated to 
a central extension, or the cocycle. An alternative definition of this algebra 
is by a basis bg, for g ^ G with multiplication law 

bg-bh = c(g,h) -bgh. 

5.3 The G-action on the twisted group algebra 

Let F be an equivariant endofunctor of V^. Then the group G acts on 
Tr{UFA') via the equivariance isomorphisms of idy and UFA' (see Defini- 
tion [5]2]). In the situation where F = H for an equivariant endofunctor H of 
V , this action sends ^ € Tr(Hg) to 




In particular, the action on Tr(A) agrees with that of the isomorphisms ipg, 
defined on page [251 

Consider the category VectG(G') of G-equivariant vectorbundles on G 
with respect to the conjugation action. The convolution product 

iV®W)h:=^Vg®Ws 

gs=h 

makes VectG(G') a braided monoidal category, where the braiding comes from 
the isomorphisms 

Vg®Ws=Ws® Vs-^gs 
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induced hj ips- A straight-forward manipulation of string diagram^ shows 
that Rg is a commutative algebra object of VectG(G') with respect to this 
(non-symmetric) braided monoidal structure. 

Lemma 5.13. The G -invariant part of the twisted group algebra Rg is con- 
tained in the center of Rg. More generally, let F he a 1-endomorphism of 
, viewed as an equivariant 1-endomorphsim via (ITT!) . Then we have 

Tr(M)^ c CenterTr(A)(Tr(M)). 



Proof : Using the string diagram moves |Bar08t (2), (3), Lemma 6(i)], one 
sees that fi is in Tr(M)'^ if and only if for each s eG the following two string 
diagrams are equal: 




UFA' 




It follows that n is in the center of Tr(M). 



□ 



Lemma 5.14. Let F be an equivariant endofunctor of . Then the iso- 
morphism jg of Lemma \5.11\ induces an isomorphism of the G-invariant 
parts 

Tr ( UFA' ) ^ = 2 Home (id v , UFA') = 2 Home {U,UF). 

Corollary 5.15. Let H he an equivariant 1-endomorphism ofV. Then we 
have an isomorphism 

2EndG(t/,i/f/) = (0Tr(//(7) 

where the G-action on the right-hand side is as on PagelSR 
^See |Bar08[ (2), (3), Lemma 6(i)] for the relevant moves. 
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5.4 Traces in 

Throughout this section, we assume that we are given a hnear 2-representation 
oi G o\iV such that {V^ , U) exist. 

Definition 5.16. Let W be an object of a 2-category C. Then the dimension 
or center of W is the categorical trace of the identity 1-morphism of W , 

Vim{W) := Tr(idvK) = 2 Hom(idvK, idiy)- 

Horizontal and vertical composition agree on VimiW) and make it into 
a commutative monoid. If C is A;-linear then 'D'mv{W) is a commutative 
fc-algebra. 

Theorem 5.17. We have an isomorphism of k-algebras 

Wg I 

For any 1-endomorphism F ofV^ we have a himodule isomorphism 

iF-Tr{F) ^Tr{U F A')^ . 

Proof : We have 

Tr(F) = 2Hom(idyG,F) 
= 2HomG(idyG,F) 
= 2Homg'^([/F,[/F) 
= 2HomG(f/F,?7F) 
= Tr{UFA')^, 

where the second equality is (fTT]) . the third isomorphism is the universal 
property of (y^, t/), the next equality is f|T2|) . and the last equality is Lemma 
15.141 \{ F = idyG we may apply Corollary 15.151 to identify the last term with 

G 

\g<^G I 

Explicitly, the isomorphism i in the statement of the theorem is given by 

i-.Q^ {UCA')oi. 
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The fact that i preserves the algebra multiphcation is proved by the equahty 
of the following two string diagrams: 




Corollary 5.18. Let g be a representation on an oject V of a linear 2- 
category, and assume that exists. Then we have 

dim(2?im(y^)) = -^ ^ Xe{9,h). 

II 9h=hg 

Proof : We have 

dim(Tr(A)^) = dim Tr(^)^« 

[g] l<-9l 
II 9h=hg 

□ 



Lemma 5.19. Let (H,{Tg}) be an equivariant 1-endomorphism of V , and 
let (if, {t^}) be such that UH and HU agree as trivialized equivariant 1- 
morphisms. Then we have 

Tg = egHe-g^ 

(horizontal composition, vertical inverse). In other words, {fg} agrees with 
the trivialization flTT]) . 



38 



Corollary 5.20. Let {H,{r]g}) is an equiariant 1-endomorphism of V and 
let {H, {rfg}) then 

TriH)^(^TriHg)] . 



5.5 Inner products 



Definition 5.21. Let g and vr be 2-representations of G in a lax monoidal 
linear 2-category (C,Ki,l),and assume that the object (g^n)'^ exists. Then 
we define the inner product of g and tt to be the fc- vector space 

{g,7r)G ■■= Pim((^H7r)^). 

As an immediate consequence of the corollary, we obtain 

dimfe(^,7r)G = 7^ X! Xe(9,h) ■ xA9^h). 

1^1 gh=hg 

6 Applications 

6.1 Projective representations 

Let V = Vectc- Then a linear G-action on V is classified by a 2-cocycle 

c:GxG^C, 

and is identified with the category of projective representations of G°p 
with central charge 

c'^{g,h) := c{h,g). 

These are pairs 

(W,^:G"P^Aut(W)), 
where is a A;- vector space, and </? is a map satisfying 

^(gh) = c(g,h)-ip(h)o(p(g). 

In particular, is a 2-vectorspace, and 

dimDimC^"^) 
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is the number of isomorphism classes of irreducible projective representations 
of G°P with central charge 0°"^. 
On the other hand, 

['A 

where the sum is over the conjugacy classes of G. The action of /i e Cg on 
C = Tr{g) is multiplication with XbXq^ 

Lemma 6.1. We have 

^ 0(9, hy 

Proof : Apply the cocycle condition to 6(g,h,h'^) to get 

c(gh,h-')c{h,h-'y = cig,hyc{9A)- 
Substituting this into the formula of |GK08t Prop. 5.1]), we obtain 

Xeci9,h) = c{h,g)c{9,h)-^c{g,l)c{l,l)-^ 
= c{h,g)c{9,h)-^. 

□ 

A conjugacy class [9] £ G is called c-regular if 

(V/ieC,) {c{g,h) = c{h,g)). 

Note is c-regular if and only if [(^Jgop is c°^'- regular. Hence Theorem 15. 171 
specializes to the following result of Schur's: 

Theorem 6.2 (Schur). The number of isomorphisms classes of irreducible 
projective representations with multiplier c equals the number of c-regular 
conjugacy classes of G. 

6.2 Algebras 

Let A be an associative and unitary, finite dimensional fc-algebra. Assume 
that G acts on A from the left by (unit preserving) algebra automorphisms. 
Let V = A-mod^ be as in Section 12.2.21 Then G acts on V from the right via 
the right-exact functors 

M^Mg. 
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Here Mg is the right A-module that is isomorphic to M as a fc-vector space 
and whose A-action is twisted by g as follows: 

{mg)-a = {m-g{a))g. 

Write Ax G for the crossed product algebra. So, 

AxG = ^Ag 

with multiplication 

(aigi) ■ (025^2) = (oi •5'i(a2))(^i^2)- 
The category of (right- )equivariant objects in V is 

- (A X G)-mod^ . 
The twisted group algebra Rg equals 

0Center^(yl(7). 

Hence Theorem 15.171 becomes the well known formula 

Center(A x G) ^ {Center A{Ag)f' . (14) 

[9] 

6.3 Bimodules 

Let A be an associative and unitary fc-algebra, acted upon by G as in the 
previous section. View A as object of the 2-category Bimk of Section 13.11 
Let U - A x G, viewed as {G x G-equivariant) A x G-A-bimodule. Under 
the equivalence ([5]) U corresponds to the forgetful functor sending an equiv- 
ariant A-module to the underlying A-module. We would like to argue that 
the pair {A x G, U) satisfies the universal property of Definition 15.61 This 
is not entirely true, but holds for a sufficiently large class of test-objects: 
let S be a second associative and unitary A;-algebra on which G acts by al- 
gebra automorphisms!^ Then composition with U gives an equivalence of 
categories 

Bimk,GxG{B, A) ^ Bimk,G{B, AxG). 

^'^YoT the full universal property to by satisfied, we would need to allow G to act by 
1- automorphisms . 
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This is sufficient to ensure that the proof of Theorem 15.171 goes through, 
again yielding (fH]) . 

We now view A and AxG as objects of the 2-category VBim]^ (see Section 
I3.2p . and we write U for the complex consisting of U situated in degree zero 
and zeros elsewhere. For a test-object B as above, we need to distinguish 
between the derived category of equivariant bimodules and the category of 
equivariant 1-morphisms: in general, the forgetful functor 

VBimk,G{B,A) ^VBim(B,A)^ = l-HomG(5, A), 

is not an equivalence of categories. 

In addition to restricting our pool of test-objects as above, we need 
to modify the universal property in Definition 15. 6[ replacing l-Homc with 
I';Bimk,G- With this modification to Theorem 15 . 1 71 and its proof0 we obtain 
the isomorphism 

HH*(A X G, A X G) ^ (0 HH*(A, Ag)] 

WG / 

of [DE051 Prop 3]@ 

6.4 Coherent sheaves 

Let X he a smooth projective variety over k, let Coh.(X) be the category of 
coherent sheaves on X, and assume that a finite group G acts on X from the 
left. Then g e G acts on Coh(X) via 

^F^g.J', (15) 

and the category of equivariant objects in Coh.(X) is identified with the 
category of G-equivariant sheaves on X, 

Coh{Xf ^CohciX). 

We may view CoIiq^X) as the category of sheaves on the orbifold quotient 
[X/G]. 

^^The last step of the proof is Lemma [A. 71 

^^It appears that this resuh goes back to an unpubhshed preprint by Bryhnski, dating 
from 1987. 
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It is possible to extend the 2-category of kernels Var of Section so that 
it contains both X and [X/G] as objects (see |CW10l p. 6] or |Calj ) . The 
formalism remains the same as in Section 13.41 Recall that the G-action f lT5|) 
on V^Coh.{X) lifts to a 2-representation 

^: lHom(X,X) 

in Var, given by the kernels Q{g) = G^g- 

Let y be a second proper, smooth space with G-action, and write cr(s) := 
for the corresponding 2-representation of kernels on Y . Using the pro- 
jection formula and flat base-change (c.f. |Cal05t 2.7]), one finds natural 
isomorphisms 

and 

So, 

and the categories of equivariant 1-homomorphisms of Definition [5]2] are iden- 
tified as 

lHomG(y,X) - (P+Coh(r X X)f 

and 

lHomg'^(y,X) - (P+Coh(y X X))^'^ . 
As in the previous section, we need to replace these with 

2?+CohG(FxX) and Co\iq^g{Y ^ X) . 

With this modification, [X/G] satisfies the universal property for test-objects 
Y as above, 

2?+CohG(F X [X/G]) ^ P+CohGxG(>^ X X), 
and the proof of Theorem 15.171 goes through (using Lemma IA.7P to yield 

HH-([X/G])-©Tr-((?)^^ 

The right-hand side of this isomorphism is identified by Theorem 13.11 We 
have proved 
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Theorem 6.3. We have 




G 



ER'([X/G]) 



jjpj.-codim(X|) (x9,det(A^s)) 



where a runs over the connected components of the fixed point sets. 
6.5 The example of a trivial G-action 

Let B he a A;-linear abelian category, and assume that G acts triviaUy (from 
the left) on B. Then the data of an equivariant object 



are equivalent to that of an object B e ohB together with a right G-action 



where the Wi represent the isomorphism classes of irreducible representations 
of G. Here third equivalence follows from the construction of and the 
second equivalence holds, because the category in the second row is already 
abelian. 

Example 6.4. Let BheB = Vect^(X). Then B^ = Vectg(X) is the category 
of vector bundles on X with fibre-preserving G-action. In this case the above 
equivalences boil down to the well known fact that any G-vector bundle V 
over a base-space with trivial G-action can be decomposed as 



(B,e)eohB 



e: fc[G] ^End(E). 



By [Del90l 5.11], we have an equivalence of categories 



qG 



{k[G]-mod^)MB 

{WimB)m---m{WrmB) 

(k[G]-mod^)mB, 



where the € Vect^(X) are non-equivariant vector bundles. 



44 



We have seen two ways to calculate the center of B'^. By Theorem I2.5[ 
Vim (B^) ^ Center (A;[G']) ® Vim{B). 



On the other hand, since G acts trivially on B, Theorem 15.171 becomes 

Vim[B^) = 0Tr(^)^s 
[9] 

^ ^Vim(B). 
[9] 

Indeed, these two results agree. In the special case where B = Vect^, we can 
be more specific and identify the isomorphism 

z:Center(^[G]) ^0A; 

[9] 

of Theorem 15.171 its inverse sends the [g]th basis vector to the element 

hiCg 

of Center(fc[G']). 

A Clean intersections 

This appendix collects some results about clean intersections that are prob- 
ably well-known to the experts. I did not know references, so I am including 
proofs. 

Lemma A.l. Let W ^ Z he a closed suhscheme defined by the ideal sheaf 
X £ Gz- Let w 6 W, and write m for the maximal ideal of Gz,w Then the 
conormal space of W in Z at w is naturally identified with the quotient 

IfTw is a prime ideal in Gz,w, this simplifies to 

N'^ - I /ml 
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Proof : Write n for the maximal ideal of 

Then n = xn/Iw, and we have the short exact sequences 
^-lui/Iw ri >m/m^ > n/n^ - 







Hence the first claim. If is prime, then 



hence the second claim. 



->0 



□ 



Corollary A. 2. Let i: W "-^ Z be the inclusion of an irreducible closed 
subscheme, and let w e W . If 

is an isomorphism then i is an insomorphism in a neighbourhood of w. 

Proof : The map Tj ^, is an isomorphism if and only if = {0}. Since W 
is irreducible, this is equivalent to 1^ - mX^. By Nakayama's Lemma, this is 
equivalent to Xu, = 0. □ 



Lemma A. 3. Let i: W ^ Z be the inclusion of a closed subscheme, and let 
w € W. Then there exists an open neighbourhood U of w in Z and a regular 
closed subscheme Y such that Y contains W nU and Ty^w = T\y,w inside 
Tz,w 



Proof : Let m, n, and X be as in Lemma [A. II Pick a basis /i, . . . , of 

iV^ ^ X^/{X^nra^). 



By ^Liu02t Cor 4.2.12], this sequence is regular. Hence we can find an open 
neighbourhood U of u; in Z and a regular sequence 

K,...J,eT(U,X), 
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representing fi, - ■ ■ , fd- By construction, we have W '^Y, the closed immer- 
sion Y ^ U is regular at w, and the conormal spaces of W and Y inside Z 
at w agree. □ 



Lemma A. 4 ([LiOQI, Lem.5.1]). Let Z be a nonsingular variety, and let X and 
Y be nonsingular closed subvarieties of Z . Then the connected components 
of the scheme-theoretic intersection XnY of X and Y in Z are non-singular 
if and only if the following differential geometric conditions are satisfied: 

1. the connected components of the "set-theoretic intersection" 

{Xf^Y)reci 

are nonsingular varieties, and 

2. we have 

Tx^Ty = TxnY 

inside Tz- 

In the context of differential geometry, these conditions define the notion 
of clean intersection, due to Bott |Bot56j . 

Lemma A. 5. In the situation of the previous Lemma the canonical map of 
vector bundles over X nY 

Tx +Ty ^ TxuY 

is an isomorphism. Here the sum on the left-hand side is taken inside Tz\xnY- 

Proof : Fix z e X n y, let m c ff^^z be the maximal ideal, and let X and 
J denote the stalks of the ideal sheaves of X and Y at z. Then we have a 
cartesian square 

X n J IX njn xnh ¥ XjX n 

JU n mh > X + + J) n m2 . 

Lemma lA.ll identifies the vector spaces in this diagram with the conormal 
spaces of A u y. A, F, and X nY inside Z aX z. A dimension count now 
proves the claim. □ 
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Lemma A. 6. Let Z be a nonsingular variety, and let X , Y , and W he 
nonsingular closed subvarieties of Z such that W is contained in X and in 
Y ( "contained" means as a closed suhscheme) . Let w € W , and assume that 
the map 

Tw,w ^ n Ty^w 

is an isomorphisms. (Here the intersection on the right-hand side is inside 
Tz,z-) Then there exists a neighbourhood of w in Z inside which the map 
i: W "-^ X nY is an isomorphism. 

Proof : We know that the composite 

Tw,w> ^ > TxnY^' > Tx n Ty 

is an isomorphism. Hence Tj ,^ is an isomorphism, as well. Applying Corollary 
IA.21 we obtain the claim. □ 
We will also need a lemma from homological algebra. 

Lemma A. 7. Let A be an abelian category, and assume that has enough 
injectives. Let T and Q be equivariant objects in A. Then we have 

Hom^+(_4)(JP-,g) = Hom^,(_4)(JP",^)^. 

Proof : Choose an injective resolution ^ X* in A^. Since the forgetful 
functor U : A'^ A is a right-adjoint, it preserves injectives. Therefore, we 
have 

Hom^+(^)(J'^,^) = Hom*;,+ (^)(J",X*) 
- Hom-,.(^)(^,X-)^ 

□ 
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